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ON THE HOFER GEOMETRY INJECTIVITY RADIUS
CONJECTURE
YASHA SAVELYEV
Abstract. We verify here some variants of topological and dynamical flavor
of the injectivity radius conjecture in Hofer geometry, Lalonde-Savelyev [4] in
the case of Ham(S2, ω) and Ham(Σ, ω), for Σ a closed positive genus surface.
In particular we show that any loop in Ham(S2, ω), respectively Ham(Σ, ω)
with L+ Hofer length less than area(S2)/2, respectively any L+ length is con-
tractible through (L+) Hofer shorter loops, in the C∞ topology. We also
prove some stronger variants of this statement on the loop space level. One
dynamical type corollary is that there are no smooth, positive Morse index
(Ustilovsky) geodesics, in Ham(S2, ω), respectively in Ham(Σ, ω) with L+
Hofer length less than area(S2)/2, respectively any length. The above condi-
tion on the geodesics can be expanded as an explicit and elementary dynamical
condition on the associated Hamiltonian flow. We also give some speculations
on connections of this later result with curvature properties of the Hamiltonian
diffeomorphism group of surfaces.
1. Introduction
One of the most fundamental objects associated to a Finsler manifold is its
injectivity radius function. The group Ham(M,ω), with its bi-invariant Finsler
Hofer metric, has no well defined exponential map, so that if we ask about its
injectivity radius we need to decide how to interpret this. One simple way to
interpret is to ask for the size of the largest metric epsilon-ball which is contractible,
or has null-homotopic inclusion map into the total space Ham(M,ω).
In this formulation we studied the question of injectivity radius for Ham(M,ω)
in Lalonde-Savelyev [4], and formulated there the conjecture that the injectivity
and (or) weak injectivity radius of Ham(M,ω) is positive.
In this note we shall verify some variants of this conjecture in the case of sur-
faces. The main new ingredient is a kind of “curvature” 1 flow for connection
type symplectic forms on surface Hamiltonian fibrations over S2, which exists in
the presence of certain foliations by holomorphic curves, using which we also ob-
tain a curve shortening algorithm. It is interesting to speculate whether this is at
all related to symplectic Ricci type flows, but to emphasize, our “flow” is of very
elementary nature, at least assuming the state-of-the-art in Gromov-Witten theory.
Using these developments we obtain some dynamical applications, which are
formulated in terms of certain non-existence results of Ustilovsky geodesics. These
may also be interpreted as injectivity radius statements but from a Finsler geometric
rather than purely metric point of view. This also uses the author’s (virtual) Morse
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1This is a slight misnomer as curvature may not be monotonically decreasing under flow. But
probably the best way to think about it.
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theory for the Hofer length functional. We follow this with some speculations on
the “curvature” of the Hamiltonian group of surfaces.
1.1. Statements. Given a smooth functionH :M2n×(S1 = R/Z)→ R, (time is in
S1 for convenience and later use) there is an associated time-dependent Hamiltonian
vector field Xt, 0 ≤ t ≤ 1, defined by
(1.1) ω(Xt, ·) = −dHt(·).
The vector field Xt generates a path γ : [0, 1] → Diff(M), starting at id. Given
such a path γ, its end point γ(1) is called a Hamiltonian symplectomorphism. The
space of Hamiltonian symplectomorphisms forms a group, denoted by Ham(M,ω).
In particular the path γ above lies in Ham(M,ω). Given a general smooth path γ,
the positive Hofer length, L+(γ) is defined by
L+(γ) :=
∫ 1
0
max
M
Hγt dt,
where Hγ is a generating function for the path t 7→ γ(0)−1γ(t), 0 ≤ t ≤ 1, normal-
ized to have zero mean at each moment.
Part of the reason for interest in the above functional as well as in the original
Hofer length functional, which is obtained by integration of the L∞ norm of the
generating function, is due to existence of some deep connections of this with both
the theory of dynamical systems and with Floer-Gromov-Witten theory.
Notation 1.1. Let
ΩcHam(M,ω) := {γ ∈ ΩHam(M,ω) |L+(γ) < c}.
This is taken in the topology induced by the C∞ topology.
Definition 1.2. Let
injradΩ,+(M,ω) := sup{c |Ω
c′ Ham(M,ω) is (intrinsically) contractible for c′ ≤ c}.
Theorem 1.3. Set ~ = area(S2, ω), and let Σ denote a positive genus surface, then
we have
injradΩ,+(S
2) = ~/2,(1.2)
injradΩ,+(Σ) =∞.(1.3)
Corollary 1.4. In particular a smooth loop γ ∈ Ω~/2Ham(S2, ω), respectively in
ΩHam(Σ, ω) with any L+ Hofer length, is contractible through Hofer shorter loops.
The above theorem is implied by the following theorem once we observe that any
loop with positive Hofer length less than ~/2 is contractible, which is a classical
fact proved for example via Seidel morphism [15].
Theorem 1.5. Denote by
Ωc,contHam(S2, ω) ⊂ ΩcHam(S2, ω)
the subspace of contractible loops, then Ωc,contHam(S2, ω) is contractible for any
c ≤ ~.
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We can readily see that this bound ~ is optimal, as we have a natural represen-
tative fmin of a generator of
π2(ΩHam(S
2, ω)) = π3(Ham(S
2, ω)) ≃ Z
all of whose loops are contractible and have L+ Hofer length at most ~. Let us
make this more explicit. Take the natural Lie group homomorphism f˜ : S3 →
Ham(S2, ω), representing the generator of π3(Ham(S
2, ω)). Deloop this to a map
fmin : S
2 → ΩHam(S2, ω), by taking the natural S2 family of based at id loops on
S3, so that the longest loop in this family corresponds to a simple great geodesic
γ, for the round metric. In other words this is the family forming the unstable
manifold for γ, which is an index 2 geodesic. Then fmin(γ) is the longest loop in
the image of S2, and its positive Hofer length is 2~/2 = ~. Consequently we get:
Corollary 1.6. The map fmin cannot be homotoped into Ω
~Ham(S2, ω).
We also proved this using a more general theory of quantum characteristic classes
in [11].
1.1.1. Dynamical consequences. It is shown by Ustilovsky [16] that γ is a smooth
critical point of L+ Hofer length functional on the smooth path space from id to
φ, if there is a point xmax ∈ M maximizing the generating function H
γ
t at each
moment t, and such that Hγt is Morse at xmax, at each moment t.
Definition 1.7. We call such a γ an L+ Ustilovsky geodesic.
As an Ustilovksy geodesic is a smooth critical point it makes sense to ask for
its Morse index. The index was shown by the author in [14] to be finite, in fact
for closed Ustilovsky geodesics in the group of Hamiltonian diffeomorphisms of a
surface we have:
Theorem 1.8. Let γ ∈ ΩHam(M,ω) be a smooth closed L+ Ustilovsky geodesic,
where M is a surface. Let γ∗ denote the linearization of γ at xmax, which is a loop
of linear symplectomorphisms of TxM . Then the Morse index of γ with respect to
L+ (and conventions (2.1)) is
−Maslov(γ∗)− 2,
if Maslov(γ∗) ≤ −2, otherwise the Morse index is 0.
Here the Maslov number is normalized so that for the clockwise single rotation
of R2 the Maslov number is -2. The above theorem can be readily deduced from
[14].
Definition 1.9. We will say that a smooth closed Ustilovsky L+ geodesic
γ : S1 → Ham(M,ω)
is quasi-integrable, if there is a Darboux chart φ : (U ⊂ Cn)→M , φ(0) = xmax
at the extremizer xmax, in which the generating function H
γ coincides with its
Hessian quadratic form in some neighborhood of 0, and this quadratic form is the
real part of a complex quadratic form, or in other words if the Hamiltonian flow for
this Hessian quadratic form is unitary.
Thus this is a kind of Morse-Darboux integrability condition at xmax, and is
automatic when γ is a circle action near xmax.
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Theorem 1.10. There are no non-constant, smooth, closed, positive Morse index
L+ Ustilovsky geodesics, in Ham(S2, ω), respectively in Ham(Σ, ω), with L+ Hofer
length less than ~/2, respectively any length.
The same statement holds for index 0 geodesics if they are quasi-integrable
Ustilovsky.
This will be proved in Section 3. The positive Morse index condition on Ustilovsky
geodesic is in a sense an elementary dynamical condition. So the previous theorem
is really an elementary statement in Hamiltonian dynamics. It would be interesting
to understand how it extends to more general geodesics, or even what the appro-
priate generalization of Ustilovsky geodesics is. For example McDuff and Lalonde
consider certain generalizations of Ustilovsky geodesics in [3], but these seem to be
ill adapted to the variational style arguments that we make. We have also avoided
talking about non closed geodesics, for while Savelyev [13] is well adapted to the
case of paths, our arguments here are not, and do not immediately generalize.
Remark 1.11. Very heuristically the statement for Ham(Σ, ω) suggests that the
“curvature” of Ham(Σ, ω) with respect to the positive Hofer length functional is
non-positive. In a finite dimensional setting this could be justified via Gauss-Bonnet
theorem. See also Milnor’s [8] for background on connections of curvature and topol-
ogy of loop spaces. Similarly we may interpret the statement for Ham(S2, ω) as a
certain upper bound on the positivity of “curvature”. However what is “curvature”?
We can try to think of this in terms of coarse geometry, the dream is something
like:
Conjecture 1.12. (Preliminary) The space Ham(T 2, ω) is a rough CAT (0) space,
and Ham(Σg, ω) is a rough CAT (k) space for k ≤ 0, for g > 1, while Ham(S
2, ω)
is a rough CAT (k) space for some k > 0, see [1], with respect to the positive Hofer
length functional.
2. Proof of Theorem 1.5
We first verify the case of M = S2. The following argument works the same way
for any 0 < c ≤ ~, we shall just do it with c = ~. To recall, our conventions for the
Hamiltonian flow and compatible almost complex structures are:
ω(XH , ·) = −dH(·)(2.1)
ω(v, Jv) > 0, for v 6= 0 .(2.2)
For every l ∈ Ω~,contHam(S2) we get a Hamiltonian S2 fibration Xl over CP
1, by
using l as a clutching map:
Xl = S
2 ×D2− ⊔ S
2 ×D2+/ ∼ .
Recall that a coupling form, see [2] for a Hamiltonian fibration M → P
pi
→֒ X is
a closed 2-form α˜ on the total space, which restricts to the symplectic form on the
fibers, modeled by (M,ω), and which satisfies:
π∗α˜ = 0,
where π∗ is the integration over the fiber map. By [2] such forms α˜ always exist for a
Hamiltonian fibration, and are uniquely determined by the associated Hamiltonian
connections, defined by declaring the horizontal subspaces to be the α˜-orthogonal
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subspaces to the vertical tangent spaces. We have the coupling form Ω˜l,− on S
2×D2−
defined by
Ω˜l,− = ω − d(η(r) ·H
ldθ),
where 0 ≤ r ≤ 1, 0 ≤ θ ≤ 1, (which are our modified polar coordinates) H l is the
normalized generating function for l, and η : [0, 1] → [0, 1] is a smooth function
satisfying:
0 ≤ η′(r),
and
(2.3) η(r) =
{
r2 if 0 ≤ r ≤ 1− 2κ
1 if 1− κ ≤ r ≤ 1,
for a small κ > 0. Under the gluing relation ∼, Ω˜l,− corresponds to the form ω near
the boundary of S2 × D2+, so we may extend trivially over D
2
+ to get a coupling
form Ω˜l on Xl. The coupling form Ω˜l determines a Hamiltonian connection Al as
described above. This in turn determines an almost complex structure Jl, by first
fixing a family {jl(z)}, z ∈ CP
1 smooth in z: jl(z) is an almost complex structure
on the fiber π−1l (z), where
πl : Xl → CP
1
is the projection, with each jl(z) compatible with the symplectic form on the fiber,
and then defining Jl to coincide with {jl(z)} on the vertical tangent bundle, to
preserve the horizontal distribution ofAl and to have a holomorphic projection map
to (CP1, j), where j is the almost complex structure which preserves the standard
orientation on CP1. As each l is contractible and so Xl trivializable, we may
consider the moduli spaces
M(Jl),
consisting of stable Jl holomorphic sections σ of Xl, in the class of the constant
section [const], and in particular satisfying:
〈[Ω˜l], [σ]〉 = 0.
By a stable holomorphic section we mean a stable Jl-holomorphic map σ into Xl,
in the classical sense, [6] with domain an umarked nodal Riemann sphere, one of
those components is called principal. The restriction σprinc of σ, to the principal
component is a Jl holomorphic section, i.e. we have a commutative diagram:
Xl
pil

CP
1
σprinc
<<
②
②
②
②
②
②
②
id // CP.
All the other components of σ are vertical, that is they are Jl-holomorphic maps
into the fibers of Xl.
Lemma 2.1. The moduli space M(Jl) has no nodal curves as elements.
Proof. Suppose otherwise, then there is a stable Jl-holomorphic section σ of Xl,
with total homology class [const], and consequently having a principal component
σprinc which is a smooth Jl-holomorphic section of Xl with:
〈[Ω˜l], [σprinc]〉 ≤ −~
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as ~ is the minimal energy of a non-constant holomorphic sphere in S2, i.e. area(S2, ω).
However in this case the classical energy inequality for holomorphic curves gives:
~ ≤ area+(Ω˜l),
where area+ is the functional on the space of coupling forms
area+(Ω˜) = inf
α
{∫
CP1
α
∣∣∣∣ Ω˜ + π∗(α) is symplectic} ,
for α a 2-form on CP1, with positive integral. On the other hand by direct calcu-
lation we have
area+(Ω˜l) = L
+(l) < ~.
This gives a contradiction. 
By automatic transversality see [6, Appendix C] M(Jl) is regular i.e. the as-
sociated real linear Cauchy-Riemann operator is transverse for all σ ∈ M(Jl). As
these are embedded we may use positivity of intersections, see [6, Section 2.6], to
infer that M(Jl) determines a smooth foliation of Xl by [const] class holomorphic
sections. In particular
ev :M(Jl)→ S
2,
obtained by evaluating a section at 0 ∈ CP1, is a diffeomorphism, and determines a
canonical smooth trivialization of Xl. Let Θl denote the corresponding horizontal
distribution.
Consequently for an appropriately smooth family:
f : Sk → Ω~,contHam(S2, ω),
we get natural (up to choices of almost complex structures) smooth trivialization
of the bundle
Pf → S
k,
with fiber over s ∈ Sk being Xs ≡ Xf(s). This is a trivialization of a bundle
with structure group Ω2Diff(S2). What is important for what follows is that this
structure group is a subgroup of the group of smooth bundle maps of S2 ×CP1 →
CP
1.
Let
tr : Pf → (S
2 × CP1)× Sk,
denote this trivialization. Set {Fs = (trs)
∗ω}, where trs denotes the restriction
of tr to the fiber Xs. By the above trs is a smooth bundle map and hence each
Fs is a connection type closed form, which just means the restriction to each fiber
of πs : Xs → CP
1, is symplectic. This in turn means that the smooth bundle
connection determined by declaring horizontal spaces to be Fs-orthogonal spaces
to the vertical tangent spaces, is Hamiltonian (with respect to the family of fiber
symplectic forms determined by the restrictions.)
Also by construction each Fs vanishes on the horizontal distribution Θf(s), and
so
τs = Fs + ρπ
∗
sτ,
is a symplectic form on Xs for any small ρ > 0, and where τ a fixed, area one
symplectic form on CP1. Likewise
αs = Ω˜f(s) + area
+(Ω˜f(s))π
∗
sτ + ρπ
∗
sτ,
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is symplectic, and αs is positive on the horizontal distribution Θf(s).
Let αs,t, t ∈ [0, 1] denote the convex linear combination
αs,t = (t)τs + (1 − t)αs.
Note that αs,t is nondegenerate and hence symplectic for every s, t, as this is a
convex linear combination of symplectic forms tamed by the same almost complex
structure J(As), where As is the connection determined by Ω˜f(s) as before, and
so αs,t is also tamed by this complex structure. Moreover for a fixed fiber S
2
z ,
αs,t is a convex linear combination of cohomologous symplectic forms Fs|S2z and
Ω˜f(s)|S2z . By construction (S
2
0 , Ω˜f(s)|S2
0
) is naturally symplectomorphic to (S2, ω),
consequently applying Moser’s argument we get that αs,t|S2
0
is naturally symplec-
tomorphic to (S2, ω), for each t. We shall use this further on in the “radial trivial-
ization”construction.
Notation 2.2. Denote by α˜s,t the coupling form determined by αs,t.
Lemma 2.3. area+(α˜s,t) is bounded from above by a function b(s, t) non-increasing
with t, with b(s, 1) = ρ, and with b(s, 0) = L+(f(s)) + ρ.
Proof. Define
(2.4) area(α) := Vol(Xs, α)/Vol(S
2, ω).
Note that
area+(α˜s,t) ≤ area(αs,t),
which follows by the fact that
αs,t = α˜s,t + π
∗
sτ
′,
for an area form τ ′ by the construction. Set b(s, t) = area(αs,t), then by direct
calculation
b(s, 0) = L+(f(s)) + ρ,
and
b(s, 1) = ρ.

Each α˜s,t determines a loop fs,t in Ham(S
2, ω), first by using the natural iden-
tification of (S20 , α˜s,t|S2
0
) with (S2, ω) as described above, then identifying the fiber
over 0 ∈ CP1 with the fiber over ∞ ∈ CP1 by α˜s,t-parallel transport map over the
θ = 0 ray from 0 to ∞ (0 = 0 ∈ D2−, ∞ = 0 ∈ D
2
+ in our coordinates from before),
and then for every other θ ray from 0 to∞ getting an element fs,t(θ) ∈ Ham(S
2, ω)
by α˜s,t parallel transport over this ray. Clearly fs,0 = f(s), and fs,1 = id and for
each t, f(s, t) is a loop of Hamiltonian symplectomorphisms of (S2, ω) (by the iden-
tification above.) On the other hand by the proof of [10, Lemma 3.3A] (cf. proof
of [5, Lemma 2.2]) we have:
(2.5) L+(fs,t) ≤ area
+(α˜s,t).
Consequently, by the Lemma 2.3 we get that L+(fs,t) as a function of t is
bounded from above by the non-increasing continuous function b(s, t) with maxi-
mum L+(f(s))+ρ, and with b(s, 1) = ρ. Taking ρ small enough so that L+(fs)+ρ <
~ for each s, we obtain a null-homotopy of f in Ω~,contHam(S2, ω).
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So we get that Ω~,contHam(S2, ω) is weakly contractible. Next note that Ω~Ham(S2, ω)
is an open subset of ΩHam(S2, ω), which by Milnor [9], has the homotopy type of
a CW complex, as it is the loop space of a Frechet manifold, hence of an abso-
lute neighborhood retract, and so Ω~Ham(S2, ω) has the homotopy type of a CW
complex. So it follows that Ω~,contHam(S2, ω) is contractible.
For a Σ as in the statement of the theorem, we may proceed with exactly the
same argument upon noting that now there is no bubbling at all, so that we don’t
need to restrict to short loops. 
3. A virtually perfect Morse theory for the Hofer length
functional and positive Morse index geodesics in
Ham(S2, ω),Ham(Σ, ω)
Let us review our notion of a local unstable manifold in the setting of loops.
Definition 3.1. Let γ ∈ ΩHam(M,ω) be an index k, L+ Ustilovsky geodesic and
let Bk denote the standard k-ball in Rk, centered at the origin 0. Let ΩHam(M,ω)E
denote the E sub-level set of the loop space, with respect to L+, with
0 < E < L+(γ),
where by E sub-level set we mean the set of elements γ ∈ ΩHam(M,ω)E satisfying
L+(γ) ≤ E. A local unstable manifold at γ is a pair (fγ , E), with
fγ : B
k → ΩHam(M,ω),
s.t.
fγ(0) = γ,
f∗γL
+ is a function Morse at the unique maximum 0 ∈ Bk, and s.t.
fγ(∂B
k) ⊂ ΩHam(M,ω)E .
It is explained in [13] that local unstable manifolds always exist.
An interesting consequence of the “index theorem” is that for closed Ustilovsky
geodesics the Morse index must be even, and this gives a bit of intuition into
the following theorem which can be interpreted as saying that the Hofer length
functional on the loop space of the Hamiltonian group of a surface is a kind of perfect
Morse-Bott function. We say surface for while the index stays even in general the
following theorem does not hold without an additional technical assumption on the
geodesic. (We need the kernel of certain Cauchy-Riemann operator associated to
the geodesic to be trivial.)
The following is a version of the author’s [13, Theorem 1.9], in the case of sur-
faces, where it becomes a stronger result, due to the additional input of automatic
transversality.
Theorem 3.2. Let M be any Riemann surface. Let γ ∈ ΩHam(M,ω) be a closed
smooth positive Morse index k, L+ Ustilovsky geodesic. If (fγ , E) is a local unstable
manifold for γ then
0 6= [fγ ] ∈ πk(ΩHam(M,ω),ΩHam(M,ω)E).
If the Morse index of γ is 0 and γ is quasi-integrable, then γ is L+ length min-
imizing. This second part of the theorem holds for a general symplectic manifold
(assuming virtual techniques.)
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The index 0 case of the above is just a very minor variation of a foundational
result in McDuff-Slimowitz [7], and must be well known to experts. A relatively
elementary proof can be given for example by modelling the proof of Theorem 1.9
in [13] in index 0 case. In what follows we outline the proof of the positive index
case.
Proof. (Outline) The main difference here with the proof of [13, Theorem 1.9], is
that we deal with closed loops, and that we can use in the context of surfaces a
stronger form of the “automatic transversality” [13, Theorem 1.20]. (It becomes
more automatic.) The setup with closed loops here has already been done in the
author’s [12], but without the generality of Ustilovsky geodesics, and without the
rather helpful “index theorem” 1.8.
Given our local unstable manifold (fγ , E), we obtain a Hamiltonian fibration
M →֒ Pfγ → B
k × S2,
by doing the standard clutching construction
M ×D2 ⊔γb M ×D
2,
for a loop of diffeomorphisms of M , γb = fγ(b), as in the proof of Theorem 1.5,
parametrically as b varies in Bk. For each b we obtain a natural coupling form
Ω˜b on Xb ≡ Pfγ |{b}×S2 , as in the proof of Theorem 1.5. From construction it is
immediate that the family {Ω˜b} extends to a closed form Ω˜ on Pfγ and that this is
a coupling form. Let {Jb} denote the family of almost complex structures induced
by the family {Ω˜b} as in the proof of Theorem 1.5. The fixed point xmax of γ gives
a tautological flat and hence holomorphic section σmax of X0 → S
2, let us call by
A its homology class in Pfγ .
Let M(Pfγ , A) denote the compactified moduli space of pairs (u, b), for u a Jb-
holomorphic section of Xb in class A. Then by the same argument that is used in
[13, Proposition 1.19], we get that M(Pfγ , A) consists of a single point (σmax, 0).
Let us briefly give an idea for this. For a given parameter b, by a kind of classical
energy positivity, a Jb holomorphic section of Xb in class A will give a lower bound
for the positive Hofer length of the loop fγ(b) and this lower bound is exactly L
+(γ).
So all the elements of our moduli space must appear in X0. Then a neat but simple
trick, also based on energy positivity and originally due to Paul Seidel, allows one
to conclude that σmax is the only possibility for such an element.
Let
Drestσmax : Ω
0(σ∗maxT
vertX0)→ Ω
0,1(σ∗maxT
vertX0),
be the associated real linear Cauchy-Riemann operator. Then we claim that this
operator has trivial kernel. This works as follows. Twice of the vertical Chern
number of the normal bundle σ∗maxT
vertX0 is less than −2, as by construction this
is the winding (Maslov) number of the linearization of γ at xmax, and by assumption
that the Morse index of γ is positive and by the “index” theorem 1.8, this winding
number is less than −2. Given this by the (proof of) the first part of [13, Theorem
1.20] and by the observation on the vanishing of the kernel of the CR operator
above, M(Pfγ , A) can be regularized in such a way that it still consists only of
{σmax}. In particular the associated parametric Gromov-Witten invariant is ±1,
with the sign depending on how one chooses to orient the local unstable manifold.
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Remark 3.3. Parametric here is just emphasizing that we are not counting holo-
morphic curves in a symplectic manifold, but in a total space of a family of sym-
plectic manifolds, but it is still a count in the usual sense of counting (with signs)
zeros of a section of an associated Banach bundle. We refer the reader to [11] for
further elaboration.
The theorem follows, as we cannot deform the cycle fγ to a cycle f
′
γ lying in any
lower sublevel set as that would preclude any A class elements (u, b) from existing
in M(Pf ′γ , A), since as we indicated above such an element gives a lower bound of
exactly L+(γ) on L+(f ′γ(b)) which would be absurd. 
Proof of Theorem 1.10. Let’s first do the case of Ham(S2, ω). Suppose not, then
we first observe that γ must be contractible as the minimal L+ length of a non-
contractible geodesic is ~/2. This is well known but can itself be deduced from Theo-
rem 3.2, as the Hamiltonian S1 action on S2 representing generator of π1(Ham(S
2, ω))
satisfies the hypothesis, has positive Hofer length ~/2, and must be minimizing by
the theorem. Next suppose that γ is a contractible quasi-integrable Ustilovsky geo-
desic and that the Morse index of γ is 0, in this case by Theorem 3.2 γ is minimizing,
which is absurd unless γ is constant, so γ has positive Morse index k. Then again
by Theorem 3.2:
πk(Ω
~/2Ham(S2, ω),ΩHam(S2, ω)E) 6= 0,
for some E < L+(γ) < ~/2. Then using Theorem 1.5, we get that the inclusion
map of ΩHam(S2, ω)E into Ω
~/2Ham(S2, ω) is contractible from which it follows
that
πk(Ω
~/2Ham(S2, ω)) 6= 0,
but this contradicts Theorem 1.5.
For the case of M = Σ, if the index of a quasi-integrable Ustilovsky geodesic
γ is 0 then again by Theorem 3.2 γ is minimizing which can only happen if γ is
constant, as π1(Ham(Σ, ω)) = 0.
For a general L+ Ustilovsky geodesic γ with positive Morse index k we get that
πk(ΩHam(Σ, ω),ΩHam(Σ, ω)E) 6= 0,
for some E < L+(γ), then using Theorem 1.5, we get that
πk(ΩHam(Σ, ω)) 6= 0,
but this is impossible since Ham(Σ, ω) is contractible. 
4. Acknowledgements
The paper was completed at ICMAT Madrid, while the author was a research
fellow, with funding from Severo Ochoa grant and Viktor Ginzburg laboratory. I
am grateful to Alexander Shnirelman for kindly listening to some ideas on the sub-
ject, and helpful comments on the analogous situations in L2 geometry. To Dusa
McDuff for interest, and much help in in clarifying the paper. Leonid Polterovich
for reference on rough CAT (0) spaces, and some related post discussions. Vik-
tor Ginzburg for interest and comments. As well as the anonymous referees for
wonderful reading and catching some serious issues.
ON THE INJECTIVITY RADIUS CONJECTURE 11
References
[1] S. Buckley and K. Folk, Rough CAT (0) spaces, arxiv preprint.
[2] V. Guillemin, E. Lerman, and S. Sternberg, Symplectic fibrations and multiplicity dia-
grams, Cambridge University Press, Cambridge, 1996.
[3] F. Lalonde and D. McDuff, Hofer’s l∞–geometry: energy and stability of Hamiltonian
flows I, II, Invent. Math., 122 (1995), pp. 1–33, 35–69.
[4] F. Lalonde and Y. Savelyev, On the injectivity radius in Hofer geometry, ERA MS, vol
21, 177-185.
[5] D. McDuff, Geometric variants of the Hofer norm, J. Symplectic Geom., 1 (2002), pp. 197–
252.
[6] D. McDuff and D. Salamon, J–holomorphic curves and symplectic topology, no. 52 in
American Math. Society Colloquium Publ., Amer. Math. Soc., 2004.
[7] D. McDuff and J. Slimowitz, Hofer–Zehnder capacity and length minimizing Hamiltonian
paths, Geom. Topol., 5 (2001), pp. 799–830.
[8] J. Milnor, Morse theory, Based on lecture notes by M. Spivak and R. Wells. Annals of
Mathematics Studies, No. 51, Princeton University Press, Princeton, N.J., 1963.
[9] J. W. Milnor, Construction of universal bundles. II., Ann. Math. (2), 63 (1956), pp. 430–
436.
[10] L. Polterovich, Symplectic aspects of the first eigenvalue., J. Reine Angew. Math., 502
(1998), pp. 1–17.
[11] Y. Savelyev, Quantum characteristic classes and the Hofer metric., Geom. Topol., 12
(2008), pp. 2277–2326.
[12] , Virtual Morse theory on ΩHam(M, ω)., J. Differ. Geom., 84 (2010), pp. 409–425.
[13] , Morse theory for the Hofer length functional, Journal of Topology and Analysis, 06,
Issue No. 2 (2014).
[14] , Proof of the index conjecture in Hofer geometry, Math. Res. Letters, Vol. 20.5 (2014).
[15] P. Seidel, pi1 of symplectic automorphism groups and invertibles in quantum homology rings,
Geom. Funct. Anal., 7 (1997), pp. 1046–1095.
[16] I. Ustilovsky, Conjugate points on geodesics of Hofer’s metric, Differential Geom. Appl., 6
(1996), pp. 327–342.
ICMAT, Madrid
E-mail address: yasha.savelyev@gmail.com
